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We introduce the concept of topological collapsing as a topological abstraction of polyhedral 
ones. Then we use this concept to characterize the cylindrical neighborhoods of a closed X in a 
locally compact separable metric space M such that M-X is a 3-manifold. We also prove the 
following criterion of existence: X has cylindrical neighborhoods in M iff there is a neighborhood 
N of X in M which is topologically collapsible onto X respecting Bd( M - X). 
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Introduction 
In this paper we deal with the following question: What closed subspaces of a 
3-manifold M have cylindrical neighborhoods in M? 
The answer to the analogous question in dimension 2 is quite simple, in the sense 
that it does not depend on the properties of the inclusion of the subspace into the 
manifold; in fact, a closed subspace X of a surface S has cylindrical neighborhoods 
in S iff it is an ANR. (Cf. [3,15] and [2, p. 1381 for the compact case.) 
Because of the existence of wild arcs in [E3, we cannot expect a similar answer in 
dimension 3 (cf. [15]), and we have to require a nice behavior of the inclusion; 
actually, Nicholson gives a partial answer to our question in [12], by proving the 
following: Let K be a closed topological complex (homeomorphic image of a 
simplicial complex) in a 3-manifold M, then K has cylindrical neighborhoods in 
M iff K is tame in M. 
Of course we cannot use the concept of tameness when we deal with non- 
triangulable spaces; on the other hand, a topological complex K in a 3-manifold 
M is tame iff there exists a neighborhood L of K in M which collapses polyhedrally 
onto K (with respect to some PL structure); so we can try to extend Nicholson’s 
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result in a topological context, by using some kind of deformation having the same 
topological properties as polyhedral collapsing. That is just what we do in this paper. 
We introduce the concept oftopological collapsing (Definition 1.1) as a topological 
abstraction of polyhedral ones; then we characterize in terms of them the cylindrical 
neighborhoods of a closed subspace X in a metrizable, separable, locally compact 
space M such that M -X is a 3-manifold (Theorem 4.2), and we prove the following 
criterion of existence: X has cylindrical neighborhoods in M iff there is a neighbor- 
hood N of X in M which is topologically collapsible onto X respecting Bd( M -X) 
(Theorem 4.3). 
We remark that our results are given in merely geometric terms, and they do not 
depend on the Poincare conjecture (contrary to what seems to happen for any 
algebraic approach to similar results, cf. [S]) ; in fact, they generalize the characteriza- 
tion of the 3-cell given in [17] to a geometric kind of ‘end of map’ theorem for 
3-manifolds (cf. [13]). 
In Section 5 we give some application of our results in the direction of [17]. 
0. Notation and preliminary concepts 
Let X be a metrizable topological space; we assume X provided with a metric 
d at any time we need it: with the same letter d we also denote the uniform metric 
on the space of continuous mappings of a fixed compact space into X. If Y c X is 
a subset of X, then Fr X, Y” and Y denote respectively the frontier, the interior 
and the closure of Y. 
An oriented topological arc in X is a subspace of X, which is homeomorphic to 
[O, 11, provided with the order induced by such a homeomorphism. 
We put A(X) = {oriented topological arcs in X} u X and for every A E A(X), we 
say that (Y : [0, e] + A with e Z- 0 is a parametrization of A, when cy is continuous 
onto and non-decreasing (constant if A is a point of X); then we make A(X) a 
topological space by means of the metric d, (B, C) = inf{ d (p, y) l/3 : [0, I] + B and 
y : [0, l] + C are parametrizations}, for every B, C E A(X). 
We also put T(X) = {f: [0, e,]+ X /f is a continuous mapping and 0 G e, d l} and, 
for every f~ T(X), we denote with J’: [0, l]+ X the extension of f defined by 
f( ) =f(min{ f, ef}) for every 0 -t 5 t s 1; then we consider the following pseudometric 
on T(X): d,(f; p) = d(x p’), for every .f, gE I’(X). 
Note that the metric d, coincides with the Frechet metric on the topological arcs 
(cf. [lo]) and with d on X; on the other hand, d, is the same as d on the mappings 
fr T(X) such that e, = 1. 
Let p : T(X)+[O, +co[ denote the p-length defined by Morse in [lo], that is, a 
continuous function satisfying the following properties: 
(1) idiam(Imf)< p((f)sdiam(Imf); 
(2) the function t e cL, ( t) = p(.&,,J is continuous and non-decreasing: 
(3) p, and f are constant in the same subintervals of [0, e,]; 
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(4) i+f=&-h for any parametrization h of [0, e,]. 
By these properties for every f~ T(X), there is a well-defined continuous mapping 
f, =fo ~~7’ : [0, p(f)] + X, such that the following properties hold: 
(5) f-f, is a continuous retraction of T(X) onto its image; 
(6) f, is never constant in a subinterval of [0, I]; 
(7) I+; = idto,,( f)l; 
moreover, if a, LY’E T(X) are two parametrizations of AE A(X), then CL(Q) = ~(cy’) 
and LY,=CY, ’ is an embedding, which we call the p-parametrization of A; therefore 
we also get a well-defined continuous mapping p :A(X)+[O, +a[, given by AH 
p-length of any parametrization of A. 
The symbol 2x denotes the space of all compact subspaces of X with the Hausdorff 
metric dH (cf. [ll]). 
If f: X + Y is a continuous mapping, then the mapping cylinder off is the space 
M(f) = (X x[O, 11) II ~/,c~,,,-,c~,r”~,“,~yxixl, and the open mapping cylinder off is 
the space A?f( f) = M(f) - X, where X is identified with X x(O) c M(f) in the natural 
way; moreover if A c X, then the mapping cylinder off reduced over A is the space 
MA(f) = M(f)/ ~(\-,‘,-~X,,jrore”er~xtn], and analogously we define k,(f). 
We postpone the definition of the concept of cylindrical neighborhood to the 
fourth section (Definition 4.1). 
If H : X x[O, l] + X is a homotopy of X into itself, then we use the following 
notation: h, : [0, l]+ X with x E X is the mapping defined by h,(t) = H(x, t), h, : X + 
X with t E [0, l] is the mapping defined by h,(x) = H(x, t), and X, = h,(X) for every 
0CtC-l. 
The letters t and s with possible sub- and super-scripts always denote real numbers 
in the interval [0, I] unless specified otherwise. 
IfZcXnY,then(X;Z)=(Y;Z) means that X and Y are homeomorphic by 
a homeomorphism which coincides with the identity on Z. 
If M is a topological manifold with boundary Bd M # 0 then M-+ = 
M II (Bd M xC0, II)/ - [r (x,O~forevery.xiRd M] is the topological manifold obtained by 
enlarging M by a collar of Bd M. Moreover, if N is another manifold with boundary 
and f: M + N is a continuous mapping, then we say that f is a cellular mapping of 
M onto N, when: (l)f(Bd M) = Bd N; (2) f-‘( x ) IS cellular in Mf for every x E N; 
(3) f’(x) n Bd M is cellular in Bd M for every x E Bd N (cf. [14] for the definition 
of cellular subset of a manifold). 
For brevity we say that a pair (M, X) is a relative topological manifold when M 
is a locally compact separable metrizable space, X is closed in M, and M-X is a 
topological manifold; in this case we put Bd( M, X) = Bd( M -X) and Int( M, X) = 
(Int( M - X) u X)‘= M - Bd( M, X); moreover, we define the relative topological 
manifold (M+, X) as we have done in the case of a topological manifold, using 
Bd( M - X) instead of Bd M; of course all these definitions reduce to the usual 
ones if X = 0. 
For any other definition or standard result that we use in this paper, we refer to 
[6, 141. 
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1. Topological collapsing and treeing 
Though, as we said in the introduction, our main aim is to use topological 
collapsing in dimension three, in this section and in the next one we deal with the 
concepts of topological collapsing and treeing in the more general context of 
metrizable spaces. 
Definition 1.1. A fopological collapsing of a metrizable space X is a homotopy 
H : X x [0, l] + X, such that h, 0 h, = II,,,,,,,,,, for every t and s ; if Y = X,, then we 
say that X collapses topologically to Y, and we write H: X 3, Y. 
Remember that X, means h,(X). 
We note that any simplicial collapsing of a polyhedron induces in a natural way 
a deformation, which actually is a proper topological collapsing; such a deformation 
can be defined for every elementary simplicial collapsing, by squashing the principal 
simplex involved, along parallel lines from the free face to the rest of the boundary. 
On the other hand, a topological collapsing has many topological properties of 
a deformation induced by a simplicial collapsing, for example the following, whose 
proofs are easy: 
(a) X, c X, and h,(,> = idx, for every t G S, therefore Hlx,,,,,,l is a strong deforma- 
tion of X, to X,; 
(b) during the collapsing, any point x e X - Y moves along the topological arc 
h,([O, 11) without ever going back; 
(c) &lx, is a contractive retraction of X, onto X, for every t d s, that is, the inverse 
image of any point of X, is strongly contractible (in fact topologically collapsible) 
to the same point (cf. [7]); 
(d) X, 5 X, for t d s (by the collapsing Hlx,,,,,,,). 
Another elementary but very useful property of a topological collapsing is given 
by the following: 
Proposition 1.2. If H : X 3, Y is a topological collapsing, then h,(X - X,) = Fr X, for 
every t. 
Proof. As h, is a retraction onto X,, we need to prove only that h,( X -X,) c Fr X, 
for every t. 
Let x E X - X, and t’ = min{ s such that h,(x) E X,} ; then h,(x) E Fr X, because of 
the choice of t’, and h,(x) = h,(h,.(x)) = h,J ) x since h,,(x) E X,; therefore we can 
conclude that h,(x) E Fr X,. 0 
From property (c) it follows that proper topological collapsings of locally compact 
ANR’s are simple homotopy equivalences; actually they can be used (instead of 
proper contractible retractions or CE-maps) to construct the simple homotopy theory 
for this class of spaces. 
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Moreover, the topological properties that we have used in defining topological 
collapsing characterize the deformations induced by simplicial collapsings among 
all the (proper) PL deformations of a polyhedron: that is, the PL topological 
collapsings of a polyhedron coincide with the deformations induced by simplicial 
collapsings (to prove this fact, given a PL topological collapsing H : P x I + P of a 
polyhedron P, consider a triangulation (K, L) of (P x I, PI- P x(1)) such that H 
and the projection of P x Z onto P are both simplicial, then the requested simplicial 
collapsing of L is that one induced by the natural ‘vertical’ simplicial collapsing of 
K to L); note that the same fact does not hold for contractive retractions because 
of the existence of contractible non-collapsible compact polyhedra. 
So we can say that in some sense topological collapsing is the topological version 
of polyhedral collapsing. 
In light of Proposition 1.2 it seems immediately interesting to consider the 
following class of topological collapsings: 
Definition 1.3. Let H: X 5 Y be a topological collapsing, then we say that it is a 
regular topological collapsing, if X,7 c XT for every t < s. 
It is easy to see by using Proposition 1.2, that any regular topological collapsing 
H :X $ Y satisfies the following property: 
(cr) (X-X,),c(X-X,)forevery t<s. 
The main result of this section is that any topological collapsing can be modified 
to obtain a regular one; in order to prove that, we introduce the concepts of treeing 
of a pair of spaces and parametrization of a treeing. These will be useful in the 
following. 
Definition 1.4. If (X, Y) is a pair of metrizable spaces with Y closed (non-empty) 
in X, then a treeing of (X, Y) is a pair & = (R, r), where r: X + Y is a retraction 
and R : X + A(X) is a continuous mapping, such that: 
(al) R(y) =y, for every JJE Y; 
(a2) R(x) = oriented topological arc from r(x) to x, for every x E X - Y; 
(a3) x E R(y)Jr(x) = r(y) and R(x)c R(y), for every x, ye X. 
It is easy to prove that every treeing ti = (R, r) of (X, Y) satisfies the following 
properties too: 
(a4) R(x) n Y = r(x), for every x E X; 
(a5) R(x) n R(y) Z mj3rXxJ = r(y) and R(x) n R(y) = R(z) for some ZE X, for 
every x, y E X. 
Moreover, a treeing .& = (R, r) of (X, Y) induces a partial ordering on X, defined 
by x~,~yeRR(x)c R(y) for every x, YEX. 
An interval of the treeing ~2 is any subset of X totally ordered with respect to 
the ordering G,, and a branch of the treeing A is any interval beginning at Y; then 
we call R, = R(x) the branch of x, for every x E X; an extremity of the treeing ,c4 
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is any XE X which is maximal with respect to G.~, and we denote with E(s4) = X 
the set of the extremities of &. 
Definition 1.5. Let ~2 be a treeing of (X, Y), then we say that ~4 is an open treeing 
if E( &) = 0, and that & is a closed treeing if any maximal branch has an extremity. 
Now we consider some properties of the maximal branches from which it follows 
also that any treeing of a pair of compact spaces is closed. 
Proposition 1.6. If d = (R, r) is a treeing of (X, Y) and B c X is its maximal branch, 
then B is closed in X, and the topology induced on B by the inclusion in X is the same 
of that one induced by the ordering s,~. 
Proof. If B has an extremity then everything is trivial. Otherwise it is enough to 
prove that, if {x,}~~~ c B is a cofinal net in B and x, +x E X (with respect to the 
topology of X), then x E B and x, +x in B with respect to the topology induced 
by the ordering. In fact, x, +x in X implies RxU + R, in A(X) which implies 
&( R,Z, R,) + 0, hence dH( R,,, R,) + 0; therefore, if b E B and A’ is cofinal in A, 
such that x, z ,r4b for every LY E A’, we have Rb c R,_ for every CY E A’, and if 
d,(R,~,R,)~OthenR,=R,; then, by considering b arbitrary in B and B maximal, 
we can conclude that x is an extremity of B; on the other hand, x, +x with respect 
to the topology induced by the ordering because of the cofinality of the net {x,},~~ 
inB. 0 
Corollary 1.7. Every maximal branch of a treeing & of (X, Y) is a topological arc or 
half-line in X, beginning at Y. 
Proof. By Proposition 1.6, we need only prove that every maximal branch B of ti 
contains a countable cofinal subset. In fact, if this is not the case, we can construct 
by transfinite induction a homeomorphic copy of the space of all the countable 
ordinals inside B. That is absurd because of the metrizability. 0 
Corollary 1.8. Every treeing of a pair of compact spaces is closed, and every maximal 
branch of such a treeing is a topological arc. 
Consider now the concept of parametrization of a treeing. 
Definition 1.9. Let d = (R, r) be a treeing of (X, Y), then a parametrization of & 
is a pair 9 = (p, q), with p: X + T(X) a continuous mapping and q: X +[O, l] a 
level mapping (not necessary continuous), such that, by putting px = p(x) for every 
x E X, we have 
(pl) px : [0, q(x)]+ R, is a parametrization of R,, for every x E X; 
(~2) px( t) = xe t = q(x), for every x E X; 
(P3) x GY*P~ = ~~~~~~~~~~~~ for every x, YE X. 
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It follows easily from the definition that every parametrization 9 = (p, q) also 
satisfies the following properties: 
(~4) q is non-decreasing (with respect to c.&) and q-‘(O) = J’; 
(~5) q is lower semi-continuous. 
Definition 1.10. Let .9 = (p, q) be a parametrization of a treeing, then we say that 
9 is a regular parametrizatio if q is continuous. 
Before proving the existence of a regular parametrization for any treeing, we 
consider the following property of the regular parametrizations: 
Proposition 1.11. If9 = (p, q) is a regular parametrization of a treeing d = (R, r) of 
(X, Y), then px is injectiue for every x E X. 
Proof. Let x E X and y E R,; by (pl) we have that p-‘(y) = [t,, t21 for some 1, c t,; 
if t, # t,, then t, < q(x) (by (p2)), and q 0 p, could not be continuous since q 0 p,(s) = 
t,, for every t, s s s tZ, and q 0 p,.(s) > t, for every s > t2; SO 1, = tz. 0 
We note that the vice versa of Proposition 1.11 does not hold, that is, the 
injectivity of p-y for every x E X is not a sufficient condition for the regularity of the 
parametrization. 
Proposition 1.12. Every treeing has a regular parametrization. 
Proof. Let .pP = (R, r) a treeing of (X, Y); we obtain a regular parametrization 
P=(p,q) of .I& by using the p-length; we define q:X+[O,l] and p:X+T(X) 
by the rules 
q(x) =iarctg(p(li,)) and p*_ = (ql&’ 
for every x E X. 
It follows immediately from the properties of p-length, that p and q are well 
defined and that q is continuous; then we have only to prove that the pair 9 = (p, q) 
is a parametrization of &. 
The properties (pl) and (~2) are obviously satisfied; on the other hand, property 
(~3) holds because the pr’s are defined as partial inverses of the unique mapping 
q. Finally we prove that p is continuous: Given x,, E X and F > 0, we consider a 
parametrization h,! : [0, l] + R,,, and we note that P.~, = (h,)) 0 (tg($r . )) ; by property 
(5) of p-length, there exists 6 > 0 such that d( h, h,,) < 6 implies d,( h,, (h,,),) < F, 
for every h : [0, l] + X ; moreover, by the continuity of I?, there exists a neighborhood 
U of x0 in X, such that d,( R,, R,)) < 8 for every x t U. Then, for every x E U, we 
can find a parametrization h, : [0, l] + R, such that d( h,, h,,) < 6, and so we have 
d,(p,, P,,) = d,((h,),, (h,,),) < e. 0 
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The following proposition establishes the connection between topological collaps- 
ings and treeings with parametrizations. 
Proposition 1.13. Every topological collapsing H: X 5 Y induces a treeing dH = 
(RH, rH) of (X Y) and a parametrization CPH = (pH, qH) of tiH. Moreover, if H is 
regular then PH is also regular. 
Proof. Define the treeing dH by RF = h,([O, 11) and rH(x) = h,(x) for every x E X, 
and the parametrization gH by qH(x) = l- max{ t such that x = h,(x)} for every 
XEX andpF:[O,qH(x)]+X bypF(t)=h,(l-t) foreveryO<t<qH(x) andfor 
every x E X. 
By using the definition and properties (a) and (b) of topological collapsing, it is 
easy to realize that dH is actually a treeing of (X, Y) and that pH is actually a 
parametrization of dH. 
Now suppose that H is regular and prove that in such case CFH is also regular; 
by property (p5), it is sufficient to show that q H is upper semi-continuous: Let 
O~tsl and XEX, such that qH(x)<t; then, for every qH(x)<s<t, we have 
x E X(1-4%) c (X,,_,7,)o= U, open neighborhood of x, and qH(y) G SC t for every 
YEU. 0 
Proposition 1.14. If d = (R, r) is a treeing of (X, Y), then any parametrization 
CP = (p, q) of ~4 induces a topological collapsing Hd3” : X S, Y. Moreover, if C? is 
regular then H ~6~ is also regular. 
Proof. Define HdaP by the rule H.d,9(~, t) = h?“(x) =Fx(l -t) for every (x, t) E 
x x [O, 11. 
Prove that H sp*B is continuous: fix x E X and 0 c t G 1 and let E > 0. Then, by 
the continuity of J?~, there exists a neighborhood V of t in [0, 11, such that 
d( j&x(1 - s), ix(l - t)) <ts for every s E V; moreover, by the continuity of p, there 
exists a neighborhood U of x in X, such that d (&,, ix) < :e for every y E U. Therefore, 
for every (y, s) E U x V, we have 
d(h?‘(y), h?(x)) = d(&(l -s), A(1 - t)) 
~d(~,,(l-s),~~(1-s))+d(~~(l-s),~~(1-t))<e. 
On the other hand, Hd*P is actually a topological collapsing; in fact, 
(hFPoh 5”)(x) =p’h$*(x)(l - t) =p”t5~,(,-,,(l - t) = (Pxl~o,q(p,(l-s~),)“(l - t) 
=p,(min{(l- t), q(p,(l -s)))) =p,(min{(l- t), (1 -s), q(x))) 
=jQmin{(l - t), (1 -s))) = h&%t,s)(x), 
for every x E X and for every t and s. 
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Now suppose that 6 is regular. Let us prove that H.d~9 is also regular: Let t < s, 
and suppose that there exists x E X, and (x,,)z==, c X -X, such that x, +x. Then we 
have q(x) 4 1 -s and q(xn) > 1- f for every n 2 1, impossible by the continuity of 
4. 0 
Proposition 1.15. 7’he constructions of the above Propositions 1.13 and 1.14 are inverses 
of each other, and establish a bijection between [regular] topological collapsings of X 
onto Y and pairs (treeing, [regular] parametrization) of (X, Y). 
Now we are able to prove the following: 
Theorem 1.16. Every [proper] topological collapsing H : X ‘;1 Y induces a regular 
[proper] topological collapsing El : X 5 Y. 
Proof. Given the topological collapsing H :X 3 Y, we define a: X ‘I, Y as the 
topological collapsing induced by a regular parametrization of the treeing associated 
to H; such a collapsing is regular by Proposition 1.14; on the other hand, the 
collapsings H and fi correspond to two parametrizations of the same treeing, and 
from this fact it follows easily that if H is proper then H is also. q 
We conclude this section with some considerations about topological collapsings 
of relative topological manifolds. In particular we prove that it is possible to modify 
any topological collapsing of a relative topological manifold to obtain a particularly 
good one, in the sense of the following definition: 
Definition 1.17. Let (M, X) be a relative topological manifold, then a speck1 topologi- 
cal collapsing of M onto X is a topological collapsing H: M % Y, such that: 
(sl) (M-X),c(M-X)7 foreveryO<t<s<l; 
(~2) (M-X),cInt(M-X) for every O< t<l. 
Theorem 1.18. If (M, X) is a relative topological manifold and M 5 X [properly], 
then there exists a special [proper] topological collapsing of M onto X. 
Proof. By Theorem 1.16, there exists a regular [proper] topological collapsing of 
M onto X. Let H: M % X be such a collapsing and let tiH and pH be the treeing 
and the regular parametrization induced by H; we set B = {(x, t) 1 x E Bd( M, X) and 
qH(x)<tG2}andM’=MUB/ _ [x (x. sH(X)) for every xeBd(M, X)]. Let d’ = CR’, r’) be the 
treeing of (M’, X) extending dH in a natural way (that is, r’(x, t) = rH(x) and 
R;, 1) = RF u ({x} x[q(x), t]) for every (x, 1) E B); moreover, let ??I= (p’, q’) be the 
regular parametrization of d’ defined by q’(x) =$qH(x) for every XE M and 
q’(x, t) =:t for every (x, t) E B. 
We denote by M” the quotient of M’ obtained by identifying (x, t) with x, for 
every x E Bd( M, X) n X and every 0 =S t 6 2; it is easy to see that H’ = Hd’*9’ induce 
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a [proper] topological collapsing H”: M” 3, X, which is special in the sense of 
Definition 1.17, by considering the regularity of H’ and the fact that (q’))‘(l) = 
Bd( M, X) = {2}. 
Then by the homeomorphism (M, X) = (M”, X), we have that there also exists 
a special [proper] topological collapsing of M onto X. 0 
The next lemma contains a simple observation, that will turn out to be very useful 
later. 
Lemma 1.19. If (M, X) is a relative topological manifold and ~2 is a treeing of (M, X), 
then E(d)-XcBd(M-X). 
Proof. Let x E E(d) - X; by Proposition 1.14, both M and M - {x} collapse 
topologically onto X, so the inclusion M -{x} c M is a homotopy equivalence and 
it follows easily that x E Bd( M -X). 0 
A first consequence of Lemma 1.19 is the following proposition, helping to clarify 
the connection between regular and special collapsings. 
Proposition 1.20. If H : M ‘;1 X is a special topological collapsing of a relative topologi- 
cal manifold (M, X), then X n Int(M, X) c MT for every t < 1. 
Proof. Suppose by way of contradiction that X n Int( M, X) g My for some t < 1; 
that is, there exists a sequence (x,):,, c M - M,, such that x, + x E X n Int( M, X). 
Then, if y, = h,(x,) for every n 3 1, we also have y, +x. Let C be a compact 
neighborhood of x in Int(M, X). By Proposition 1.16 and Lemma 1.19 and consider- 
ing the correspondence between treeing and collapsing, it follows that y, = h,(z,) 
with z, E Fr C, for every n 2 1. Then, by the compactness of Fr C, we can suppose 
that z, + z E Fr C. Therefore z # x and h,(z) = XJZ @ X. So z E M -X and h,(z) E X, 
in contrast with property (~1). q 
In light of Proposition 1.20, we can substitute property (sl) in the definition of 
special topological collapsing, with the following property: 
(~1’) M,nInt(M,X)cM~nInt(M,X)foreveryO<t<s<l. 
In fact, by assuming (sl) and (s2), we have, for every 0 < t < s < 1, 
M,=(M-X),uX+ 
M,nInt(M,X)=((M-X),nInt(M,X))u(XnInt(M,X)) 
c((M-X)TnInt(M,X))u(MTnInt(M,X)) 
= MT n Int( M, X) 
(the inclusion follows from Proposition 1.20); so (~1’) is satisfied. 
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On the other hand, assuming (~1’) and (s2), we have, for every O< s < 1, 
(M-X),=(M,-X)u((M-X),nX) 
=M,-X=(M,-X)nInt(M-X) 
=(M,-X)n(Int(M-X)-X)=(M,nInt(M,X))-X; 
therefore, for every 0 < t < s < 1, 
(M-X),=(M,nInt(M,X))-Xc(MTnInt(M,X))-X 
=((M,nInt(M,X))-X)“=(M-X)7; 
that is (sl) holds. 
Now it is easy to see that, if Xc Int(M, X) then a special collapsing means a 
regular one with the further condition that M, c Int(M, X) for every 0 < t < 1; 
moreover, if Bd( M, X) = @I then special collapsings are the same as regular ones. 
2. Some other properties of treeings 
In this section we prove some technical results about treeings, that we need for 
the next section. 
Given a treeing & = (R, r) of (X, Y), for every Zc X we set R, = lJztZ R, = 
{XEXIXG !+z for some z E Z} and T, = {x E X 1 x 2 ru.z for some z E Z}; furthermore, 
for a fixed parametrization PP= (p, q) of .$ we set R, = q-‘([0, t]), Q, = q-‘( t), 
T, = q-‘([f, 11). 
We note that the R,‘s are closed by the lower semi-continuity of q, and the T,‘s 
also are if the parametrization 9 is regular; moreover, the treeing ti induces a 
treeing of (R,, Y) for every t (by restriction), and, if 9 is regular also a treeing of 
(T,, 9,) for every t (essentially by intersection). 
It turns out to be immediately clear from the definitions, that R, = h,‘::,(X) = 
XC,_,,; but in this section we prefer to use the new notation, that does not involve 
the topological collapsing associated to the pair (.G$ P), and that is more consistent, 
from a notational point of view, with the other ones we have introduced above and 
with the level mapping. 
Proposition 2.1. Let & = (R, r) be a treeing of (X, Y) and let Z c X, then: 
(1) Z compact =$ RZ compact ; 
(2) Z closed =$ Tz closed. 
(3) Z open =+ T7 open. 
Proof. Ler 9’ = (p, q) be a parametrization of .d. 
(1) Assume Z c X compact and consider an arbitrary sequence (x,,),” :, c RZ; 
for every n 2 1 we can write x, =p_,,(t”), with z,, E Z and t,, c q(z,); choose 
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convergent subsequences z,, + ZE Z and t,r + r. By the continuity of p, we have 
pZ,(t,,)+~~(t), that is x,,+x=$,(t)~ RZ; so RZ is compact. 
(2) Now suppose 2 closed in X, and let (x,)2=, c Tz be a sequence such that 
x, + x E X. For every n 3 1 we consider t,, s 9(x,,) such that pJ t,) E 2. By taking if 
necessary a subsequence, we can also suppose that t, + t; then by the continity of 
p, we have px,, (t,) + cx( t). On the other hand, since 2 is closed, J?~( t) E Z, that is x E T=. 
(3) (Finally, let Z be open in X. For any t we consider the retraction r1 : X + R,, 
defined by r,(x) =cx(t) for every XE X. Then ry’(Zn R,) is open in X for 
every t, and the openness of T= follows immediately from the equality 
T,=lJ, r;‘(ZnR,). cl 
It is easy to see that Z closed in X does not imply that RL is closed in X. Similarly 
the compactness of Z does not imply the compactness of Tz ; in fact, by considering 
the equality Tz = v~((H~~~)-‘(Z,)), where r x is the projection of X x[O, l] onto 
X and 9’ is any parametrization of SQ, we have that such an implication holds itI 
the collapsing induced by (&, 9’) is proper. 
So it turns out natural to give the following: 
Definition 2.2. A treeing d = (R, r) of (X, Y) is a proper treeing, if Tz is compact 
for every compacturn Z c X. 
It follows immediately from Proposition 2.1 that any treeing of a pair of compact 
spaces is proper; more generally, a treeing of a pair of metrizable spaces is proper 
iff it is associated with proper collapsing. 
Note that any proper treeing is closed, but the converse implication does not hold. 
Proposition 2.3. Let S = (R, r) be a treeing of (X, Y), then the map of 2x to itseK 
defined by Z - RZ for every compacturn Z c X, is continuous. 
Proof. Let Z c X be compact and let E > 0; consider any parametrization 9 = (p, q) 
of d; for every z E Z, there exists 6, > 0 such that d (13,, &) < ;.s for every x E B( z, 6,) ; 
moreover, by the compactness of Z, there exists 6 > 0 such that, for every C c X 
with diam C<6 and CnZ#@, we have Cc B(z,&) for some ZEZ. 
Now let WC X be a compacturn such that dH( W, Z) < 6. We want to prove that 
dH(R, R,)<E. If XE R, then x=p,+,(t) for some WE W and t<q(w); since 
dH( W, Z) < 6, there exists z E Z such that d( w, z) < S ; so we can find z’ E Z such 
that d (w, z’) < 6,.. It follows that d(x, i=,(t)) < $E, and a fortiori that d(x, R,) < F. 
On the other hand, if x E RL, then x =pz( t) for some z E Z and t s q(z). Since 
dH ( W, Z) < S, there exists w E W such that d( z, w) < S ; so there also exists z’ E Z 
such that {z, w} c B(z’, 6,,). Then we have 
d(x,~~(t))~d(p,(t),~=,(t))+d(~=,(t),~~(f))<&, 
and a fortiori d(x, R,) < E. 0 
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Proposition 2.4. Let ti = (R, r) be a proper treeing of (X, Y) with X locally compact, 
then the map of 2x to itself, dejned by Z H Tz for every compacturn Z c X, is upper 
semi-continuous. 
Proof. Let 2~ X be a compactum and let V be an open neighborhood of T, in 
X. We have to prove that there exists a neighborhood U of Z in X, such that Tw c V 
for every compactum W c U. Suppose that such a neighborhood does not exist, 
that is T,,,,,,,P V for any n > 1. Consider a sequence (x,)z==, c X such that 
x, E TBCZ,,,,,)- V for every n 2 1; if 65’ = (p, q) is a parametrization of & then, for 
every n z 1, there exists t, s 4(x,,) such that z, =p,,,(t,)E B(Z, l/n). By the local 
compactness, B(Z, l/n) is compact for some n 2 1, and since & is proper, T,(,,,,,, 
is also compact; so, considering if necessary a subsequence, we can suppose that 
x,+x and t,+t; then z,+z=by(t) and, since d(z,,Z)+O, we must have ZEZ; 
therefore x E Tz, a contradiction because (x,)z=, c X - V. 0 
It is easy to see that the continuity of the map Z+ T= holds only in very special 
situations, and that also the upper semi-continuity can fail if X is not local compact. 
If P = (p, q) is a parametrization of the treeing &’ = (R, r) of (X, y), then, for 
every t, by applying the previous propositions to the treeings induced by & on the 
pair (R,, Y), and on the pair (T,, 0,) if 9 is regular, we have immediately: RZ n T, 
depends continuously on Z (compact) contained in T,, if P is regular; Tz n R, 
depends upper semi-continuously on Z (compact) contained in R,, if & is a proper 
treeing and X is locally compact. 
We conclude this section by stating the following propositions, which deal with 
the dependence of the intersection R, n T, and T, n R, on t; we omit the simple 
proofs, based on the equi-uniform continuity of the p_‘s with z E Z. 
Proposition 2.5. Let ~4 = (R, r) be a treeing of (X, Y) and 9 = (p, q) a regular 
parametrization of 4; then for every compactum Z c X, the map of [0, l] to 2x, 
dejined by t H RZ n T, for every t, is continuous. 
Proposition 2.6. Let 4 = (R, t) be a proper treeing of (X, Y) and C!? = (p, q) a 
parametrization of ~2; then, for every compactum Zc X, the map of [0, l] to 2x, 
deJined by t + T= n R, for every t, is continuous. 
3. Topological collapsings of relative 3-manifolds 
From now on we consider only topological collapsings M ‘i, X of a relative 
topological 3-manifold (M, X); we note that, if M is itself a 3-manifold, then X 
has to be (of course) a locally compact ANR, but if M is not a 3-manifold, then 
no implicit extra condition on X is implied by the existence of the collapsing (in 
fact, for every locally compact metric space X and for every continuous mapping 
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f: S + X defined on a surface S, (M(f), X) . IS a relative topological 3-manifold such 
that M(f) ‘L X). 
The main tool to obtain the results we have announced in the introduction, is the 
following theorem, the proof of which represents the crucial point of our work. 
Theorem 3.1. If (M, X) is a relative topological 3 -manifold and H : M 3 X is a proper 
topological collapsing, then 
(M; JWM, X) u X) = (MB~(M,x)~x(~~~,,~,X)); WM, X) u X). 
Proof. We begin by proving the theorem for M compact and X c Int( M, X), then 
we will relax the hypothesis of compactness, and finally we will prove the general 
case. We use the notation RY and Ty, with reference to the treeing induced by the 
collapsing H, that is RY = H( Y x[O, 11) and Ty = ~T~(H-‘( Y)) for every Y c M. 
By Theorem 1.18 we assume that H is a special collapsing. 
1st special case. M compact and X c Int( M, X). 
To make the proof readable, we carry it out in several steps, that we denote 
with capital letters. 
(A) (M,, X) = (h,(M), X) is a relative 3-manifold with boundary B, = 
h,(Bd(M, X)) and Xc Int(M, X), for every t < 1. 
Let t < 1 be fixed. First of all we prove that B, is a closed surface. If t = 0, we do 
not have anything to prove, since B0 = Bd( M - X). 
Assume t # 0, and note that in such a case B, = Fr M,; in fact, the inclusion 
B, c Fr M, follows from Proposition 1.2, and the opposite inclusion Fr M, c B, 
follows from Corollary 1.8, Lemma 1.19 and Proposition 1.20. Then Hls,xC,,,,: B, x 
[t, l[ + M is a A-deformation of B, in M-X (cf. [19, definition on p. 1631); in fact 
h,l,, = ids, and h,(B,) c B, for every t < s < 1, by Proposition 1.2; on the other hand 
B, n B, = 0 for every t < s < 1, since the collapsing is special; so h,( B,) n B, = 0 for 
every t < s < 1. By Wilder [19, Theorem 71, we can conclude that B, is a closed 
surface. (Actually the theorem of Wilder says that any A-deformable compacturn 
disconnecting E3 is a closed surface; however, substantially the same proof holds 
for any closed set in the interior of a 3-manifold; cf. [20].) 
Now we prove that (M,, X) is a relative 3-manifold with boundary B,, for every 
t. The case t = 0 is trivial. 
Then assume t # 0; by [5, Theorem 41, it is enough to prove that M, - B, is locally 
simply connected at every point of B,. Given XE B, and an open neighborhood U 
of x in M,, let t’> t such that x’= h,.(x) E B,,n U, and let D be a disk in B,,n U 
with x’ E Int D. By Proposition 2.4, there exists an open neighborhood V’ of x’ in 
U, such that V’n B,,c D and V = T,(n M, c U; on the other hand, by Proposition 
2.1, V is an open neighborhood of x in M,, and every loop in V- B, is homotopic 
to a constant in U - B, ; in fact, if (Y : S’ -+ V-B, is a loop, then (Y is homotopic to 
the loop h,, 0 (Y in V - B, c U - B,, and this in turn is homotopic to a constant in 
DC U-B,. 
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Finally, the inclusion X = Int( M,, X) for every t < 1 follows immediately from 
Proposition 1.20. 
(B) There exists an increasing sequence ( t,)ZOc [0, l[ with t, = 0 and t, + 1, such 
that, for every i > 0, for every t, s t 4 t,, , and for every x E B,, T, n M,( is contained 
in an open subset U, of M+ that is homeomorphic to [E3 and does not contain any 
component of Bd( M - X). 
First of all we note that hrlR, : B, + B, is surjective for every t S s < 1. In fact, we 
have 
Assume t < 1 and let us prove that there exists t < t’ < 1, such that, for every 
t s s s t’, t and s satisfy the properties stated in (B) for t, and tz+,. 
For every y E B, consider an open neighborhood U, = [E3 of y in M’, such that 
it does not contain any component oi Bd( M - X); by Proposition 2.4, we can find 
t < t,, < 1 and an open neighborhood V, of h,,(y) in M such that T, n M, = U, for 
every x E V,. By setting WY = TV, n B, for every y E B,, we obtain a covering { D$}Yis, 
of B,, which is an open covering by Proposition 2.1. Let {w,,, . . , W,,,,} be a finite 
subcovering; then we put t’ = min{ fyl, . . . , t),,,,} > t. We verify that, for every t s s s i’ 
and for every x E B,, there exists .!J, = [E3 open in M+, that contains T, n M, but 
does not contain any component of Bd(M -X). Given x E B,, let y E B, and 
jE{l,..., m> be such that h,(y) = x and y E WY,; then we have s s t’s ty,+ 
x E T,, n M,=?J T, n M, c T,, n M,J T, n M, c U,, =IE’; so we can put U, = U_ ,,,. 
Now assume 0 < t < 1 and let us prove that there exists t”< t such that, for every 
t”s s G t, s and t satisfy the properties stated in (B) for t, and tit,. 
For every x E B, consider an open neighborhood V, = IE3 of x in M+, such that 
it does not contain any component of Bd( M -X) ; by Proposition 2.6, we can find 
t, < t such that T, n M,% c V, ; moreover, by Proposition 2.4, there exists an open 
neighborhood W, of x in M+, such that TY n M,, c V, for every y E W,. The covering 
1 WJX, L3, of B, is open by Proposition 2.1, so we can choose a finite subcovering 
{ W,, , . . . , W,,,,} ; put t” = max{ t,,, . . . , t,,,} < t. We verify that, for every f”d s s t and 
for every x E B,, there exists U, = E3 open in M+, that contains T, n M, but does 
not contain any component of Bd( M - X). Given x E B, let j E { 1, . . . , m} be such 
that x E W+ ; 
put u, = v,,. 
thenwehaves%Y~I,,JT,nM,rT,nM,Y,rV+-E3;s~wecan 
By considering that we have proved the above for every t < 1, it is easy to construct 
the sequence described in (B). 
(C) The mapping hf(Bd(M,XJ; Bd( M, X) + B, is cellular for every t < 1. 
It is sufficient to prove that, for any fixed i 2 0 and ti s t d f,+,, the mapping 
k = h,l B,t : B,, + B, is cellular. 
To prove the cellularity of k, we have to verify that, for every x E B,, k-‘(x) is 
non-empty connected and has a connected open neighborhood A, in B,, such that 
A, is planar and A, - k-‘(x) is connected. (Cf. [3, Lemma 2.21.) 
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Fix an arbitrary x E B, ; then k-‘(x) is non-empty as said at the beginning of the 
proof of (B). Let U, = E3 be an open subset of M+, such that T, n M, c U, and 
U, does not contain any component of Bd(M -X), the existence of which is 
guaranteed by (B). 
We prove that k-‘(x) is connected. Suppose by way of contradiction that k-‘(x) 
is not connected. Then there exist compacta C, and C, such that k-‘(x) = C, u C2 
and C, n C, = 0. Let D be a disk in B, n U, with x E Int D; by Proposition 2.3, there 
exists a compact neighborhood E of k-‘(x) in B, n U, such that RE n (M - M,) c U, 
and k(E) c Int D. Let S be a compact surface contained in E, such that C, c Int S 
and C2 n S = 0; so Rs n (M -M,) c U, and, by Proposition 2.5, there exists ts > t 
such that F = Rs A (M - M,,) c U,. Finally, let G c U, be a compactum such that 
F u (T, n M,,) u h,\(D) c G and U, - G is connected. 
Consider two points a, E C, and a2 E Cl; we prove that there exist two other points 
b,, b2E U, - G and two disjoint topological arcs in U,, r, connecting a, with b, 
and r, connecting a2 with b,, such that r, n M,, = a, and r, n M,, = a,. 
Since the collapsing is proper, by Lemma 1.19, there exist two points e,, e2c 
Bd( M - X), such that a, E ReI and a2 E R,,. If the points ej (j = 1,2) do not belong 
to U,, then we can choose b, E R, and rj c R,, (j = 1,2) ; otherwise, if one or both 
of the points ej belong to U,, we must first prolong one or both the arcs R,, (by 
considering that U, does not contain any component of Bd( M - X)), so that they 
come out from U,, and then we choose the points b, and the arcs rj as above. Then 
we join b, and b2 in U, - G, to obtain a topological arc r_ E U, with end points a, 
and a2, such that r_ n (M,, n G) = {a,, a*}. 
Now consider the arcs R,, and R,,; since x E R,, n Ra2, there exists a topological 
arc r+ = T, n M,, c G c U, such that r+ n B,, = {a,, a*}. 
Finally let Z: = r-u r+. This turns out to be a topological l-sphere in U, = IE3. 
Note that S meets S in only one point a, E Int S, and that this intersection is 
transversal (in the sense that there exists a neighborhood W =LE3 of a, in U, and 
an arc r c 2 n W such that a, E r and the end points of r belongs to distinct 
components of W - S). 
Then, by using Bing’s theorem of polyhedral approximation (cf. [l]), and the 
methods of homological intersection standard in the polyhedral case, we can easily 
prove that Bd S is not deformable to a point in U, - 2. On the other hand, by 
considering the construction of S and 2, Bd S can be deformed first onto h,(Bd S) 
in F, and then to a point in h,s( D); so Bd S is deformable to a point in U, - 2, and 
we have the contradiction. Then we can conclude that k-‘(x) must be connected. 
Now we prove that k-‘(x) has a planar connected open neighborhood A, in B,?. 
Let D and E be as above; consider a compact surface S, in B,, such that 
k-‘(x) c Int S, c S, c E, and put A, equal to the connected component of Int S, 
that contains k-‘(x). A, is obviously orientable, so it is homeomorphic to the interior 
of a disk with holes and handles; then we have to prove only that A, cannot contain 
any handle. In fact, if we assume that A, has some handle, then, after we have 
triangulated the 3-manifold M, = A, u (Int M,, n f.J,) with boundary A,, we can find 
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two non-singular polyhedral l-spheres S, and S2 in A,, that meet each other 
transversally only in one point p. Since A, is contained in E, both S, and S, are 
deformable to a point in A4,. Then, by using Dehn’s lemma, we can construct two 
non-singular polyhedral disks D, and D, in M,, such that Bd 0, n A, = S,, for j = 1, 
2; moreover, by putting D, and D2 in general position, we can suppose that D, n D, 
is the union of finitely many closed polygons in Int D, n Int D, and polygons with 
the end points in (D, n Bd D,) n (Bd D, n D2) ; but this is impossible because the 
last set contains only the point p. So we can conclude that A, is planar. 
Finally we prove that A, - k-‘(x) is connected. 
Assume that this is not true, that is, there exist two points p, q E A, - k-,(x) which 
are separated in A, by k-,(x). Let D and M, (triangulated) be as above; 
by Proposition 2.4, there exists an open neighborhood V of x in M such that 
V n B, c Int D, TV n M,, c U,., and p, q sZ W = TV n B,< c WC A, ; furthermore, by 
Proposition 2.5, there exists tU > t such that R, n (M-M,,) c U,. 
Since W is open in A, and separates p and q, it contains a non-singular polyhedral 
l-sphere 2, which separates p and q in A,. On the other hand, there exists a 
non-singular polyhedral arc (Y with end points p and q that meets 2, only in one 
point a ; furthermore, there exists a topological arc p connecting &,( p) with h,o( q) 
in h,,(D). Let 2, be the topological l-sphere in M, that is the union of the arcs LY, 
/3, R, n (M - M,,) and R, n (M - M,,). 
Now 2, is deformable to a point in F, = (TV n (M - M,)) u D, and F, n X2 c LY ;
then we can apply Dehn’s lemma to obtain a non-singular polyhedral disk A, in 
M,, such that Bd A, = A, n A, = 1, and A, n 2, = a. I2 is also deformable to a point 
in M, (following the collapsing up to h,,,(&) c h,,(D)), in such a way that the 
deformation meets E, only at its initial stage. By using Bing’s theorem of polyhedral 
approximation (cf. [l]), we can modify 2, to obtain a non-singular polyhedra1 
l-sphere E;, which meets A, transversally only in one point U’E Tnt A, and which 
is deformable to a point in M, - 2, c U, -1,. But this is impossible since .E, and 
E: are homologically linked in U, =lE3. So we can conclude that A, - k-‘(x) is 
connected. 
CD) CM; WM, X) u W = W(R;d+,X,); WM X)u X). 
It follows from (C) that HIBd(M,X,xlO,,[: Bd( M, X) X10, l[ + Int( M -X) is a cel- 
lular mapping. Moreover, it is obviously proper. Then, by [16], there exists a 
homeomorphism h : Bd(M, X) x10, l[ + Int( M -X), such that d(h(x, t), H(x, t)) < 
min{ t, (1 - t)} for every (x, t) E Bd( M, X) X10, l[. Now it is easy to verify that h can 
be extended to a homeomorphism of M( T&~,~)) onto M, which coincides with the 
identity on Bd( M, X) n X. 
2nd special case. X c Int( M, X). 
Let { y},?, be an open relatively compact covering of X ; put W, = h;‘( V,) and 
W: = h;‘(y), for every j 3 1. Then { W,}:, is an open covering of M, and W: is 
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compact for every j > 1 (since H is proper). On the other hand, Hlw,x,o.,l: Wj 4 ., 
is a special collapsing and HI w;x[O,ll: Wj 5 L$ is a collapsing of a compact space, 
for every j 2 1. 
We note that in the first special case, the compactness of M was used only in the 
proof of (B), where we did not use the fact that the collapsing was special. 
Therefore, we can repeat the proof of (A) for the actual collapsing H, to prove 
that (M,, X) is a relative topological 3-manifold with boundary B, = h,(Bd(M, X)) 
and X = Int( M,, X), for every f < 1. Then we can repeat the proof of (B) for the 
collapsings HI w~x~,,,I, to prove (B) for these collapsings and so a fortiori for the 
special collapsings H 1 w,xLo,,l, for every j 2 1. Now we can repeat the proof of (C) 
for these last collapsings, and we can conclude that H~Rd~M,X~xIO,,,: Bd(M, X) X 
IO, l[ + M - X is a cellular mapping, since so are all its restrictions to the saturated 
open subsets ( W, n Bd(M, X)) x10, l[ for every j 2 1. At this point the required 
homeomorphism can be constructed exactly as in the proof of (D). 
General case. Since we have assumed that H is a special collapsing, we have that 
H((M-X)x[O,l[)cM-X, (M-X),cInt(M-X) and H~~M_X~x~,,lI:(M- 
X) S, (M -X), are proper special collapsings for every 0 < t < 1. Then we can 
repeat for these collapsings the reasoning used in the proof of the second special 
case, to prove that HIBd(M-X)x~O,l[ : Bd( M -X) ~10, l[ + Int( M - X) is a cellular 
mapping, since so are all its restrictions to the saturated open subsets Bd( M -X) X 
IO, t[, for every O< t < 1. 
Then, by [ 161, there exists a homeomorphism h : Bd( M - X) ~10, l[ -+ Int( M - X), 
such that d(h(x, t), H(x, t)) < min{ t, (1 - t), d(x, Bd(M, X) n X)} for every (x, t) E 
Bd(M -X) ~10, l[. Now it is easy to verify that h can be extended to a homeo- 
morphism of MBd(~,~Jn~(rid(M,x, ) onto M which coincides with the identity on 
Bd(M,X)uX. 0 
The following theorems are a relative version and an open version of Theorem 
3.1, that we will use to characterize cylindrical neighborhoods of subsets of relative 
3-manifolds which meet the boundary, and open cylindrical neighborhoods. 
Theorem 3.2. Assume (M, X) is a relative topological 3-manifold and (S, S n X) is 
a relatiue surface such that X n Bd( M, X) c Int( S, S n X) c S c Bd( M, X), and 
H: M $ X is a proper topological collapsing such that Hlsxro,lI: S % S n X. Then 
Proof. Let (2,M, 2,X) be the relative topological 3-manifold obtained by consider- 
ing two copies of M and identifying the respective copies of S. Then 2,X= 
Int(2sM, 2sX) and the collapsing H: M 3 X induces a proper collapsing 
2sH: 2sM C 2sX. 
As we have done in the proof of Theorem 3.1, we can assume that 2sH is a special 
collapsing (so that H is regular and h,(Bd( M, X) - S) n h,(Bd( M, X) - S) = (? 
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for every t # s, but H is not special), and we can prove that 
2&t I Bd(ZsM,2.5X) : Bd(2sM, 2sX) + (2,B), is cellular for every t < 1. From that, by 
considering the fact that Bd(2sM, 2sX) = 2(Bd(M, X) -S) and (2,B), = 
2(Bd(M, X) - S), for every t < 1 (2 denotes the usual double of manifolds), it is 
easy to verify that h,lw : Bd( M, X) - S + (Bd( M, X) - S) I is a cellular map- 
ping, for every t < 1; therefore 
%w-sx,o,u: Bd(M,X)-Sx]O,l[+M-(Bd(M,X)-SuX) 
is also a cellular mapping. Then, by [16], there exists a homeomorphism 
h:Bd(M,X)-Sx]O,l[+M-(Bd(M,X)-SuX) such that d(h(x, t), 
H(x, t))<min{t,(l- t)} for every (x, t)EBd(M,X)-Sx]O, l[. Now such a 
homeomorphism can be extended to a homeomorphism of M(r&M,XiY_S) onto M, 
which coincides with the identity on Bd( M, X) -S v X. 0 
We note that, as a corollary of Theorem 3.2, we have that Theorem 3.1 also holds 
in dimension 2; in fact, all the results of this section and of the next one can be 
directly proved, in the same way, for surfaces. 
Theorem 3.3. If (M, X) is a relative topological 3-manifold and H : M 3 X is a 
topological collapsing, such that H~Bd~M,X~x~O,,l : Bd( M, X) S, (Bd( M, X) n X), then 
there exists a surface S and a mapping f: S + X such that (M ; X) = (A%(f) ; X). 
Proof. Let d be the treeing induced by the collapsing H, and let d be a metric on 
M, such that the compact subspaces of M are the same as the closed and bounded 
ones. Consider the parametrization g of Sa, obtained by means of the p-length 
induced from the choosen metric, as indicated in the proof of Proposition 1.12. 
Then we can assume that H = HdTPp. In this case, HIM,xLr,sl: A4, 5 M, is a proper 
collapsing, for every O<t<s. Therefore, by putting S, = Fr M, = 
Bd(M,, X) - Bd(M, X), it follows from Theorem 3.2 that (M,; S, u M,) = 
(M(h,lsC : S, + M,); S, u M,), for every 0~ t < s. On the other hand, by [12], M,T is 
an allowable submanifold of M, for every 0 < s < 1. Then we can modify the proof 
of Theorem 3.2 (by considering the final stage of the collapsing in the same way as 
the other ones), with reference to the collapsing HIM,xLr,sl: M, ‘I, MS, to prove that 
(M,-M,,S,~S,)~(S,X[O,~],S,X{O,~})~(S,~[O,~],S,X{O,~}),~~~~~~~~O<~< 
SCl. 
At this point the required homeomorphism can be easily obtained, by putting 
S = S,,2 and f = ‘1: 
I/Z’ and considering that 
u (M,,cn+u-MI,,) =MM,,z-SI,Z. 0 
n>I 
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4. Cylindrical neighborhood in relative 3-manifolds 
In this section we give the characterization and the existence criterion for 
cylindrical neighborhoods in relative 3-manifolds that we have announced in the 
introduction. 
First of all we state precisely what we mean by cylindrical neighborhood: 
Definition 4.1. Let (M, X) be a relative topological 3-manifold, then an open cylin- 
drical neighborhood of X in M is an open neighborhood U of X in M, such that 
there exists a surface S and a continuous mapping f: S-+ X, for which ( I/: X) = 
(A%(f) ; X) ; a [locally flat] closed cylindrical neighborhood of X in M is a closed 
neighborhood C of X in M, such that Fr C = S [locally flat] surface in M-X, and 
there exists a continuous mappingf: S+ X, for which (C; S u X) = (M(f); S u X). 
In light of this definition we can restate the results of the previous section, as a 
characterization of cylindrical neighborhoods analogous to that of regular neighbor- 
hoods in a PL context. 
Theorem 4.2. Let (M, X) be a relative topological 3-manifold, then: 
(1) an open neighborhood U of X in M is an open cylindrical neighborhood of X 
in M ifs ( U, U n Bd( M, X)) % (X, X n Bd( M, X)) ; 
(2) a closed neighborhood C of X in M is a closed cylindrical neighborhood of X 
in M ifs (C, X) is a relative topological 3-manifold, there is a closed neighborhood B 
of X n Bd( M, X) in C n Bd( M, X) such that (B, X n Bd( M, X)) is a relative surface 
(if non-empty), and (C, B) ‘;I (X, X n Bd(M, X)) properly. 
Proof. If follows immediately from Theorems 3.1, 3.2 and 3.3. 0 
Now, by using Theorem 4.2, we prove the following existence criterion for 
cylindrical neighborhoods, which can be considered in some sense as a geometric 
tameness criterion (cf. [12] and [15]): 
Theorem 4.3. Let (M, X) be a relative topological 3-manifold, then X has cylindrical 
neighborhoods in M iff there exists a neighborhood N of X in M, such that (N, N n 
Bd( M, X)) ‘s, (X, X n Bd( M, X)). 
Proof. Let &’ = (R, r) be the treeing of (N, X) induced by a collapsing of (N, N n 
Bd( M, X)) onto (X, X n Bd( M, X)) ; we construct the regular parametrization 9’ = 
(p, q) of & as in the proof of Proposition 1.12, using vR, = ~_LCLR,/~(~(~),~-~) instead 
of PR,, for every x E X. Then we put H : (N, N n Bd(M, X)) 5 (X, X n Bd( M, X)) 
to be the collapsing H.d,P . induced by the pair (&, 9). From property (1) of the 
p-length, it follows that N, = h,(N) c N” for every t >i; by the regularity of H, 
U = u f>3,4 N, is an open neighborhood of X in M. On the other hand, (U, U n 
Bd(M, X)) 5 (X, X n Bd(M, X)) by the restriction of H. Finally, we can apply 
Theorem 4.2 to conclude that U is an open cylindrical neighborhood of X in M. q 
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Notice that from [9] and [4] it follows immediately that open and [locally flat] 
closed cylindrical neighborhoods of X in a realtive topological 3-manifold (M, X) 
are unique up to homeomorphism [isotopy of M], keeping X fixed. 
5. Application 
Although the results of the previous section are valid in the more general context 
of relative 3-manifolds, in this section we limit ourself to consider an application 
of those results to (true) 3-manifolds. 
In [ 171 Tymchatyn gives a characterization of the 3-cell which can be restated in 
terms of topological collapsings in the following way: Every compact topologically 
collapsible 3-manifold is a 3-cell. 
Now we prove two corollaries of Theorem 4.2 which clearly generalize that 
characterization. 
Corollary 5.1. If M is a compact orientable 3-manifold which collapses topologically 
to a 1 -dimensional subset, then M is a 3 -cell with handles. 
Proof. Let M 5 X with dim X = 1; since X is a compact l-dimensional ANR, it 
collapses topologically to a finite l-complex (we omit the simple proof of this fact; 
to have an idea of the techniques that can be used, cf. [2, p. 1381 and [18, p. 89]), 
so we can suppose that X itself is a l-complex; now by Theorem 4.2, M is a 
cylindrical neighborhood of X, and this implies, by [ 121, that X is tame in M ; then 
the corollary follows from the fact that M is homeomorphic to a PL regular 
neighborhood of X, by unicity of cylindrical neighborhoods. 0 
Corollary 5.2. If M is a compact 3-manifold which collapses topologically to a subset 
of its boundary, then M = S x I for some compact surface S. 
Proof. Suppose M Y X = Bd M; then X is a compact ANR, and by [3] there exists 
a compact surface SC Bd M which is a cylindrical neighborhood of X in Bd M; 
now by using a collar of Bd M in M, we can construct a cylindrical neighborhood 
of X in M homeomorphic to S x I; hence the corollary follows from Theorem 4.2 
and unicity of cylindrical neighborhoods. 0 
We note that both the corollaries can be extended to the non-compact case 
supposing the collapsings to be proper. 
References 
[l] R.H. Bing, An alternative proof that 3-manifolds can be triangulated, Ann. Math. 69 (1959) 37-65. 
[2] K. Borsuk, Theory of Retracts, Mono. Mat. 44 (PWN, Warsaw, 1967). 
278 R. Piergallini / Collapsings and cylindrical neighborhoods 
[3] B. Brechner and M. Brown, Mapping cylinder neighborhoods in the plane, Proc. Amer. Math. Sot. 
84 (1982) 433-436. 
[4] M. Brown, Unknotting in M* x I, Trans. Amer. Math. Sot. 123 (1966) 480-505. 
[S] C.E. Burgess, Characterizations of tame surfaces in E3, Trans. Amer. Math. Sot. 114 (1965) 80-97. 
[6] C.E. Burgess and J.W. Cannon, Embeddings of surfaces in E’, Rocky Mount. J. Math. 1 (1971) 
259-344. 
[7]S. Ferry, Homotopy, simple homotopy and compacta, Topology 19 (1980) 101-l IO. 
[8] L.S. Husch and T. Price, Finding a boundary for a 3-manifold, Ann. Math. 91 (1970) 223-235. 
[9] K. Kwun and F. Raymond, Mapping cylinder neighborhoods, Michigan Math. J. 10 (1963) 353-357. 
[lo] M. Morse, A special parametrization of curves, Bull. Amer. Math. Sot. 42 (1936) 915-922. 
[ll] S.B. Nadler, Hyperspaces of Sets, Monographs and Texts in Pure and Appl. Math. 49 (Dekker, 
New York, 1978). 
[12] V. Nicholson, Mapping cylinder neighborhoods, Trans. Amer. Math. Sot. 143 (1969) 259-268. 
[13] F. Quinn, Ends of maps, I, Ann. Math. 110 (1979) 275-331. 
[14] T.B. Rushing, Topological Embeddings, Pure and Appl. Math. 52 (Academic Press, New York, 1973). 
[15] A.W. Schurle, Strongly cellular subsets of E’, Fund. Math. 80 (1973) 207-212. 
[16] L.C. Siebenmann, Approximating cellular maps by homeomorphisms, Topology 11 (1972) 271-294. 
[17] E.D. Tymchatyn, Some order theoretic characterizations of the 3.cell, Colloq. Math. 24 (1972) 
195-203. 
[18] Cl. T. Whyburn, Analytic Topology, Amer. Math. Sot. Colloq. Publ. 28 (AMS, Providence, RI, 1942). 
[19] R.L. Wilder, Concerning a problem of K. Borsuk, Fund. Math. 21 (1933) 156-167. 
[20] R.L. Wilder, Topology of Manifolds, Amer. Math. Sot. Colloq. Publ. 32 (AMS, Providence, RI, 1949). 
